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Classical or Newtonian Mechanics is put in the setting of Riemannian 
Geometry as a simple mechanical system (M, K, V), where M is a manifold 
which represents a configuration space, K and V are the kinetic and potential 
energies respectively of the system. To study the geometry of a simple mechanical 
system, we study the curvatures of the mechanical manifold (M,, , gr,) relative to 
a total energy value h, where M,, is an admissible configuration space and g* the 
Jacobi metric relative to the energy value h. We call these curvatures 
h-mechanical curvatures of the simple mechanical system. 
Results are obtained on the signs of h-mechanical curvature for a general 
simple mechanical system in a neighborhood of the boundary 8Mh = {x E M: 
V(x) = h} and in a neighborhood of a critical point of the potential function V. 
Also we construct m = (;) (n = dim M) functions defined globally on Mh , 
called curvature functions which characterize the sign of the h-mechanical 
curvature. Applications are made to the Kepler problem and the three-body 
problem. 
In this work, we put classical or Newtonian mechanics in the frame- 
work of Riemannian geometry. We think of “physical paths,” i.e., 
solutions of Newton’s second law of motion (force = mass x acceleration) 
as geodesics of a Riemannian manifold. Then we study the geometry of 
the mechanical problem. 
We look at classical mechanics as a triplet (M, K, I’) which is called 
a simple mechanical system. Here M is a smooth manifold which is a 
configuration space where motion takes place, V the potential energy 
function. K is the kinetic energy function defined by a Riemannian 
metric g on M, i.e., K(w) = ijg(w, w) f or all tangent vectors o. Given a 
total energy value h of the mechanical system, the admissible configuratiott 
space is 
Ii& = {x E M: V(x) < h}. 
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A physical path of total energy value h, is just a “geodesic” of the 
manifold &rh relative to the Jacobi metric 
gh = 2(h - % 
of the simple mechanical system. 
We study the geometry of the pair (Mh , gh) by investigating the 
curvature of the Jacobi metric, which we call “mechanical curvature.” 
The mechanical curvature will reflect the behavior of physical paths, 
just as Riemannian curvature does on geodesics in Riemannian geometry. 
In Section 2, we obtain, in the case of the Newtonian potential of the 
Kepler problem, the following classification on “mechanical gaussian 
curvature” Kh: 
h<O orbit ellipse Kh > 0 
h=O orbit parabola Kh = 0 
h>O orbit hyperbola Kh < 0 
In fact, for negative total energy value h, Kh > $ [ h I, so that the 
nearby physical paths starting at the same point do “converge” at a 
“kinetic conjugate point,” a distance measured relative to the Jacobi 
metric, less than 772/I h /, by Rauch theorem. 
For a general simple mechanical system, results on the mechanical 
curvature are obtained in a neighborhood of the critical points of V and 
in a neighborhood of the boundary, of the mechanical manifold Mh, 
aMh = {x E M: V(x) = h}. 
Theorem 3.3 says that the mechanical sectional curvature K*(n) in a 
neighborhood of a critical point p of V depends on the Hessian of V at the 
critical point, Hess v(p). In fact the theorem implies that if the critical 
point p is a local minimum, e.g. “potential well,” for any two-plane rr 
in a neighborhood of p, the curvature K*(T) > 0. In the case of local 
maximum p, K*(r) < 0. 
The principal theorems A, , A, , A, of Section 3 give us the curvatures 
in a neighborhood of the boundary ai’M, . Here we assume that h is a 
nontrivial regular value of the potential, i.e., aikl, # 0. Then Theorem A, 
implies that in a neighborhood of aM,, if we take 
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(i) any two-plane 7r perpendicular to the gradient of the potential 
V, grad V, then the mechanical sectional curvature 
K*(T) < 0. 
(ii) any two plane n containing the vector grad V, then 
K*(n) > 0. 
In fact in (i) K*( x r + -co as x + aM, and in (ii) K*(x)(n) -+ cc )( ) 
as x -+ aM,, . These results give a geometric picture of the physical paths 
in a neighborhood of a critical point of the potential, and in a neigh- 
borhood of the boundary aM, . 
In Section 3 we also find m = (t) curvature functions &(x). These 
are global functions defined on the mechanical manifold Mh , in terms 
of the potential function V and its derivatives. Note that 7t = dim M. 
If we suppose that the kinetic energy function is defined from a flat 
metric, then Theorem B implies: 
K*(x)(m) > 0 o Qi(x) > 0 for i = l,..., m; 
K*(X)(T) < 0 0 Qi(x) < 0 for i odd, 
&i(x) > 0 for i even. 
In Section 4, we look at the three-body problem with the Newtonian 
potential function V. We prove in Theorem 4.2 that except for masses 
(ml , m2, ma) in the algebraic surface 
(T!$ + (z!!c,“’ = 1 
any energy value h is a regular value of the Newtonian potential V. 
So staying off these “singular” masses, the general Theorems A, , A, , 
A, , A, and B apply. 
We also examine the mechanical scalar curvature R* at a Lagrange 
relative equilibrium position, and show that in such a position, R* = 0. 
Also we look at a single collision briefly. For “high” energy values, 
in a neighborhood of a single collision the mechanical scalar curvature 
R* < 0. If the energy value h < 0, for the distance between the masses 
sufficiently large R* > 0 in a neighborhood of a collision. 
We end the work by listing the curvature functions for the planar 
three-body problem. 
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1 
1. I. Simple Mechanical System 
We begin with a finite-dimensional Riemannian manifold (M, g) and 
a smooth function on M, 
V: M + FL 
DEFINITIONS. The triplet (M, g, V) is called a simple mechanical 
system. The manifold M is called the configuration space. The tangent 
bundle TM is called the phase space or state space. A point in TM is a 
state of the mechanical system, which gives the position and the velocity. 
The kinetic energy K of the simple mechanical system is the function 
K: TM---f R defined by 
0) = w-4 4 for all v  E TM. 
The smooth function V is called the potentia2 (energy) function of the 
system. Finally, the total energy function 
E: TM-tR 
E(w) = K(v) + V(m) 
where m: TM -+ M is the projection 
EXAMPLE. The n-body problem. 
is defined by 
for all v  E TM, 
map. 
Consider n bodies of masses 
m, ,..., m, moving in the Euclidean space E3. The positions of the bodies 
may be given by the vector (x1 ,..., x,) where each xi E E3. So the 
configuration space is (E3)n with the state space as (E3)” x (E3)“. The 
kinetic energy is 
K(x, v) = f *mivi * vi 
i=l 
Of course this kinetic energy 
( , ) on (E3)” defined by 
for all (x, v) E (E3)” x (E3)n. 
comes from the Riemannian metric 
(v, w) = C mivi * wi for all v, w E (E3)“. 
The n bodies move under the influence of the Newtonian potential 
function 
V(Xl >*--, 
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The function is singular at xi = X, for i # j, which is the collision of 
the ith and the jth bodies. We exclude the collision positions 
A = ((iv,..., x) E (ES)“: xi = xi for some i # j}. 
Then I’ is a smooth function on M = (E3)” - d. Thus we have the 
simple mechanical system (M, K, v). 
DEFINITIONS. Aphysicalpath (orbit, trajectory) of a simple mechanical 
system (M, g, v) is a smooth path y in M that satisfies Newton’s second 
law of motion, i.e., 
(D/dt) y’(t) = -grad V, 
where D/dt is the covariant derivative relative to the Riemannian connec- 
tion of the Riemannian manifold. 
Remark. If V = 0 then the physical paths are just the geodesics of 
the Riemannian manifold. 
The following is a simple but key fact to our approach of studying 
a simple mechanical system. 
PROPOSITION 1 (Conservation of Energy). The total energy E: 
TM + R is contunt along a physical path u(t). 
Proof. 
qo’(t)) = QJ’(t)) + W(t)) 
(44 W’P)) = w4 u’(t), 4t)> + (44 Wt)) 
= (-grad V(u(t)), o’(t)) + dV(u’(t)) 
= -dV(a’(t)) + dV(u’(t)) = 0. 
Since the total energy E = K + V, and K > 0 a physical path of 
total energy value h must lie in the set 
ii& = (.tc E M: V(x) < h}, 
which is called an h-conjigurution space. We often also call M, = 
{X E M: V(x) < h} an h-configuration space. 
The following is a well-known result which is in [6]. 
PROPOSITION 1.1. If h is a regular value of V then iWh is a manifold 
with boundary aM,, = {x E M: V(x) = h}. 
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We shall assume that h is a regular value of V. This is not too restrictive 
an assumption as Sard’s Theorem implies that the set of all regular 
values of a smooth map f: M --+ N is everywhere dense in N. See [6]. 
For a general background on classical mechanics in modern termi- 
nology the reader is referred to [l] and [lo, 111. 
1.2. Jacobi Metric 
A physical path of a simple mechanical system (M, K, V) is actually 
an extremal of the variational problem 
6 j’&+(t)) dt = 0, 
a 
where L = K - V is the Lagrangian of the system. 
Maupertuis also thought of a physical path as an extremal of the 
“action” Jz 2K(a’(t)) dt. Precisely, Maupertuis’s Principle of Least 
Action states that an extremal of the variational problem 
S 
s 
b 2K(o’(t)) dt = 0, 
a 
where the variational paths are restricted to those satisfying K(u’(t)) + 
V(u(t)) = h, is a physical path of total energy value h. The admissible 
paths u(t) are those such that K(a’(t)) = h - V(u(t)). We can place 
this condition into the “action” integral thus: 
j 2K dt = j (2K)lj2 (2K)l/” dt = j (2(h - V))lj2 (2K)‘/” dt 
= 
s 
(2(h - V)(o’, u’))~/~ dt. 
We may then regard the restricted variation of J 2K dt as the unrestricted 
variation of J (2(h - V)(u’, u’))~/~ dt. Thus a physical path of energy 
value h is an extremal of the variational problem 
6 
s 
b(2(h -V) (G’, u’)l12)dt = 0. 
a 
But this is a geodesic with respect to the new metric 2(h - y)g. Hence 
the above heuristic arguments imply that a physical path of energy 
value h is a geodesic with respect to the metric 2(h - v)g. 
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DEFINITIONS. The Jacobi metric g corresponding to an energy value h, 
of a simple mechanical system (M, g, v) is given by 
g?b($ = w - V)gW 
gh is an honest Riemannian metric of the h-configuration space Mh , 
and it is degenerate on the boundary aM, . We shall be mainly concerned 
with motion taking place in the submanifold Mh and the Jacobi metric 
on&&. 
The above discussion is stated and proved formally. 
THEOREM 1.1 (Jacobi). The physical paths of (M, g, V) of total 
energy value h are precisely the geodesics of the Riemannian manifold 
(Ml& 9 gd 
The following lemma relates the Riemannian connection V of the 
Riemannian manifold (M, g) and the Riemannian connection V of 
(M, f) where g’(x) = e”“g( x ) , a conformal change of the metric g(x), and 
p: M + R is a smooth function. 
LEMMA 1.1. For all smooth vector fields X, Y 
v,Y = VxY + AxY where 
AxY = dp(X)Y + dp(Y)X - g(X, Y) grad p. 
See [14] for a proof. 
Proof of Jacobi’s Theorem. Using e20 = 2(h - V), e20 dp = -dV. 
So 2(h - v) grad p = -grad V. Let y(t) be a physical path of energy h, 
i.e., 
V,l j(t) = -grad V (1) 
and 
2K(y’W) = W(t), Y’(O) = w - v(Yw (4 
Using the lemma and (1) we have 
V,,e y’(t) = -grad V + A,# y’, 
and by (2) 
A Y’ Y’ = 2 dp(y’) y’ + grad V. 
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Therefore 
f?/ y’(t) = 2 dp(y’) y’ (3) 
Reparametrize by arc-length parametrization which is related to the 
time parameter t as follows: 
dP = 2(h - V) as2 = 4(h - V)2 dt2. 
The last equality follows from the conservation of energy. By the 
chain-rule dy/ds” = (1 /e2p * dy/dt). Putting this in (3) we have 
a dr- dvldb & - & [t$ y’ - 2 dp(y’) y’] = 0 by (3). 
Notation. W5 p a) and UK y gtJ are both referred to as h-mechanical 
manifolds. Even though g, is degenerate on the boundary aM, , we still 
speak of a “geodesic” of (Mh , gh) to mean simply a physical path of 
energy value h. 
We shall always be studying the geometry of a simple mechanical 
system relative to a fixed total energy value h. 
1.3. Mechanical Curvature 
We study the geometry of an h-mechanical manifold Mh by investi- 
gating the curvature of (Ml, , gh) which we call mechanical curvature. 
Define the (h-) mechanical curvature tensor of a simple mechanical 
system to be the curvature tensor of the Riemannian manifold (Mh , gh). 
Similarly, (h-) mechanical sectional curvature, mechanical Ricci tensor, 
mechanical scalar curvature are defined by the respective curvature 
quantities of the Riemannian manifold (Mh , gh). 
In the two-dimensional case, we have the mechanicalgaussian curvature. 
We study this case in the next Section. 
2. MECHANICAL GAUSSIAN CURVATURE (TWO-DIMENSIONAL CASE) 
2.0. Introduction 
The investigation of the mechanical gaussian curvature in the two- 
dimensional simple mechanical system will serve as a guide and an 
inspiration to study the mechanical curvature tensors in the higher 
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1 
dimensional case. The curvature calculations are easily obtained in the 
two-dimensional case. 
We begin with the two-body problem or the central force problem. The 
mechanical gaussian curvatures are computed directly. We show that the 
general picture of the mechanical manifold Mh is a composition of bands 
or annulus regions of positive, negative or zero mechanical gaussian 
curvature. 
In Section 2.2 we look at the Kepler problem where the potential is 
Newtonian and get the curvature classification as described in the main 
introduction. 
In Section 2.3 we imbed the mechanical manifold Mh isometrically 
into a surface of revolution in E3. 
Finally in Section 2.4 we discuss the case of a general potential function 
in an open set of the plane. 
2.1. The Central Force Problem 
The motion of two bodies in space moving under the action of the 
force of mutual attraction can be reduced to the motion of a single body, 
moving in a plane under a central force. See [9] for example. 
We take our configuration space to be the Euclidean plane E2, and 
give it polar coordinates (Y, 0). Take the origin to be the center of the 
central force. The potential function is a smooth function V(r), inde- 
pendent of 8. Let M be the submanifold of E2 with the singularities of 
V(Y) removed. We can assume that the mass of the body is one, so that 
the kinetic energy K is K(V) = a(w, V) for all 10 E E2, where ( , ) is 
the Euclidean inner-product. The Jacobi metric of this simple mechanical 
system (M, K, V) relative to energy value h is 
gh = 2(h - v)< , >. 
In polar coordinates, 
gh = 2(h - V)(dY2 + 12 de2). 
We compute directly the gaussian curvature of the Riemannian metric 
g’ = f2(dr2 + r2 dd2) where f is a function of I only. 
Take orthonormal forms w1 = f dr and w2 = fr de. Then do9 = 0 and 
dw2 = -(l/lf”)(rj)‘w” A wl. So w21 = (l/j)($) de. Hence dw,’ = 
(1/?f”>wf)(~)‘)’ w1 A w2. Therefore Gaussian curvature is -( l/rf “) x 
(lif)(g)‘)‘. Putting f 2 = 2(h - y), we obtain the following proposition. 
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PROPOSITION 2.1. The mechanical gaussian curvature Kh is 
1 
Kh = 4r(h - V)3 
[(h - V)(rv,)’ + r( V’)Z]. 
Let us now suppose that h is a regular value of V, i.e., V’ # 0 on the 
boundary ring {X E M: V(ll x [I) = h). 
By continuity, we see that near the boundary ring, 
(h - V)(rV’)’ + r(V’) > 0. 
Hence we get the following result. 
PROPOSITION 2.2. Suppose h is a regular value of V and that the 
boundary ring aM, is nonempty. Then there is an annulus region which is 
a neighborhood of the boundary aM, , on which the mechanical gaussian 
curvature Kh is positive. 
InfactKh+aasx+aMh. 
Since the curvature Kh is a function of r, we can divide the configura- 
tion manifold M,,, into concentric “bands” of positive, negative or zero 
curvature, separated by rings of zero curvature. For example see Fig. 1. 
Looking at the critical points of the potential function V(r) will give 
us a better picture of how these bands occur. Y h _-------_ x 
FIGURE 1 
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Suppose Y,, is a critical point of V, i.e., V’(r,) = 0. Then Kh(lO) = 
(V”(~s))/(4(h - v)?+). Thus the sign of the curvature depends on the 
kind of critical point Y,, is. 
PROPOSITION 2.3. If V has a local minimum (a local maximum) at Y,, , 
then K&(Y) > 0 (Kh(y) < 0) in an annulus region defined by ] Y - r. 1 < 6 
for some 6 > 0. 
Remark. If V”(Y,,) = 0, e.g., when Y,, is an inflexion point, then 
Kj&(Y& = 0. 
See Fig. 1. 
2.2. Kepler Problem with Newtonian Potential 
For the motion of two bodies under Newton’s gravitational law, the 
potential energy function of the central force problem is V(x) = -l//j x 11, 
choosing the mass and the gravitational constant to be one. 
Using Proposition 2.1, the mechanical gaussian curvature is 
Kh = -h/4(~h + l)s, where Y = I[xIl. 
Thus we have 
h > 0 => K*(r) < 0, 
h = 0 a Kh(y) = 0, 
h < 0 =a Kh(r) > 0. 
Recall the classification of the orbits (see [9]) and putting them 
together we have: 
h>O orbit hyperbolic K,, < 0 
h=O orbit parabolic Kh = 0 
h<O orbit elliptic Kh > 0 
Remark 1. For h < 0, all h-geodesics except those directed toward 
the singularity at the origin are closed orbits. The orbit toward the origin 
is also a “closed orbit” after “regularization.” See [8]. 
Remark 2. For h < 0, Kh( ) Y + co as Y + - 1 /h. This corresponds 
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to angular momentum p + 0. The elliptical orbits become “thinner” 
as angular momentum becomes smaller. See Fig. 2. 
FIGURE 2 
2.2’. Kinetic Locus 
Classically, a physical path is an extremal of the “action” integral 
] K dt under restricted variations. A natural and old question asks 
whether the extremal is a local minimum, etc. See [12]. 
Let y be a physical path starting at p. Then the first point Q along y 
such that the “action” 
I (h - WY’, r’> dt 
fails to be a local minimum is called a kinetic conjugate point to q. In the 
abstract Riemannian situation the term conjugate point is used. It is 
known that conjugate points are characterized by the existence of a 
nonzero Jacobi field along the geodesic that vanishes at the points p and q. 
In the two-dimensional case this reduces to the existence of a nonzero 
solution of 
which vanishes at the conjugate points. 
In the Kepler problem, we have the mechanical gaussian curvature 
Kh > $1 h /. So we may compare the mechanical manifold with a sphere 
of radius 2/(] h /)li2. One may intuitively think that the geodesics in Mh 
“curve” more than the geodesics in the sphere. In fact the Rauch 
comparison theorem gives that the kinetic conjugate points occur at 
distance less than 7~ 2/(/ h 1)1/2, where the distance is taken relative to the 
Jacobi metric. 
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2.3. Imbedding (M,, , gh) into Three-Space as a Surface of Revolution 
It is natural to consider imbedding the mechanical manifold (Mh , gh) 
in the case of central potential, into a surface of revolution. Whittaker [ 121 
gave this as an exercise. In the light of our curvature approach, it is 
interesting to see this done in the case of the Kepler problem. 
Consider a surface S in E3 obtained by revolving the graph (x, f (x)) 
about the x-axis. The metric on this surface from the standard metric 
on E3 is given in cylindrical coordinates (a, 8, z) with z = f(o), by 
ds2 = (1 + f’(~)~) da2 + u2 d02. 
We want to imbed Mb with metric 
g, = 2(h - V)(dr2 + y2 de2) 
into this surface. The map (I, 6) + (a(r), 0) from Mh to S is isometric 
-+ 2(h - Y) dr2 = 1 +f’(~)~ do2 and 2(h - I’) y2 = u2, which gives 
02 = 2Y2(h - V), 
da 
- = s [2(h - Y) - IV’], dr 
[W - VI” 
f’(u)2 = 1 2(h _ J,,) _ ye’ - 1 
rV’[4(h - V) - YV’] 
[2(h - V) - YV’]2 . 
With the Newtonian potential V(r) = - l/r 
u2 = 2(Y% + Y) 
do 2hr+1 
dr= Yl/2(2(Yh + l))‘/” * 
See Fig. 3. 
2.4. General Potential Function 
Consider now a simple mechanical system with a general potential 
function V(x, y) defined in an open set M in E2. The Jacobi metric 
relative to an energy value h is . 
.g, = 2(h - V)( , ). / 
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l/Zlhl l/lhl 
h>O 
Kh < 0 
h=O 
Kh=O 
FIGURE 3 
h<O 
Kh > 0 
By direct computation, we obtain the mechanical gaussian curvature to be 
K&c, y) = -(l/4@ - v&l ln(h - V), 
where A is the Laplacian. 
Or 
K&, y) = (l/4@ - VJ3)[(h - V> dV + II grad ~l121. 
From this we may conclude as before the following results. 
THEOREM 2.1. If h is a regular value of V, then the mechanical 
gaussian curvature S&(x, y) + co as (x, y) -+ the nonempty boundary 
((x, y) E M: V(x, y) = h}. 
THEOREM 2.2. If V has a criticalpoint at (x,, , yO), i.e., dV(x,, , y,,) = 0 
then there is a neighborhood U of (x,, , yO) such that for all (x, y) E U 
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COROLLARY. If (x,, , y,,) is a local minimum then 
ux> Y) > 0 for all (x, y) E U. 
If (x0 , yO) is a local maximum thfsv 
&(% Y) < 0 for all (z, y) E U. 
3 
3.0. Introduction 
We consider now a general simple mechanical system (M, K, v) where 
the kinetic energy is defined from a given Riemannian metric g on M. 
We always assume that the total energy value h is a regular value of the 
potential V. 
In Section 3.1 we define the equivalence of two simple mechanical 
systems (M, K, v) and (M’, K’, V’) relative to energy values (h, h’) to 
mean that each h-geodesic of (M, K, v) is mapped to an K-geodesic of 
(M’, K’, Y’) by a diffeomorphism up to reparametrization. Theorem 3.1 
says that (1M, K, v) and (M’, K’, V’) are equivalent relative to (h, h’) 
iff h - V = c(h’ - V’) where c is a constant. . 
The rest of the Section is devoted to studying the curvature of the 
h-mechanical manifold (1M, , gh). The main results are announced in the 
main introduction. 
Since g, = 2(h - V)g, which is just a conformal change of metric, 
in Section 3.2 we take g * = e2pg, where p: M + R is a smooth function, 
and give the curvature formulae of (M, g*). 
In Section 3.3 discussions and proofs of Theorems &As are given. 
Curvature functions of a simple mechanical system are defined in 
Section 3.4. Theorem B is proved here. 
In Section 3.5, we examine the mechanical curvatures near a critical 
point of the potential function V. We show that the sign of the mechanical 
sectional curvature depends on the Hessian of V at the critical point, 
which is an invariantly defined bilinear form. 
Finally in Section 3.6, a calculation in [4] shows that the mechanical 
sectional curvature Kh(x) defined on the Grassmanian of two-planes is a 
Morse function iff the fundamental mechanical tensor C,(x) has distinct 
eigenvalues. 
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3.1. Equivalent Mechanical Systems 
Let (M, K, V) and (M’, K’, v’) be two simple mechanical systems 
and h, h’ two energy values. We wish to define their equivalence in the 
sense that every h-geodesic of (M, K, V) can be mapped to a h’-geodesic 
of (M’, K’, vl) by a diffeomorphism, up to reparametrization. In the 
terminology of Riemannian geometry this concept is known as the 
projective equivalence of the manifolds (Mh , gh) and (Mh’, gh’). 
DEFINITIONS. Two simple mechanical systems (M, K, I’) and 
(M’, K’, V’) are equivalent relative to (h, h’) if there exists a diffeo- 
morphism (Mh , aM,) -+ (&!&, , am;,) such that 
is projectively equivalent with respect to their Riemannian connections, 
i.e., y is a diffeomorphism taking geodesics of (Mh , gh) into geodesics of 
(il!lk, , gi,), up to reparametrization. 
The following result characterizes projective equivalence of two 
connections V and V’ on a manifold M. It was first proved by Weyl in 
1921. See [5]. 
PROPOSITION 3.1. V and V’ are projectively equivalent + there exists 
a 1 -form v such that for all vector$elds X, Y, 
V,‘Y - V,yY = v(X)Y + v(Y)X, 
or in local coordinates 
r,‘I - lyk = 6jSlc + 6,“Vj . (*) 
Suppose V and V’ are the Riemannian connections of (M, g) and 
(M’, g’) respectively. Then contracting the equation (*) with respect to 
(i, j), we obtain 
1 
“k= 2(n+l) axk 
5og+g, 
where 1 g 1 = det gij . 
COROLLARY. (M g> and W’,g’) are projectively equivalent iff there 
exists a closed l-form v such that 
V,‘Y - V,Y = v(X)Y + v(Y)X, 
and locally, v = ds, where F = 1/2(n + 1) log j g’ I/] g 1. 
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Let us identify the h-configuration spaces of two equivalent mechanical 
systems (M, K, v) and (M’, K’, F”) relative to (h, h’), i.e., (Mh, alM,) 
with (ML, , a&,) and denote the common h-configuration space by N. 
We then have two Jacobi metrics g, and g6, on N. Write 
g, = 2(h - V)g = e2”g and fg;, = 2(h’ - JP)g’ = ebk. 
The question of equivalence is thus reduced to the projective equivalence 
of (N, e20g) and (N, e”O’g’), for p, p’: N--f R smooth functions. 
Let us assume that (M, g) and (M’, g’) are projectively equivalent, 
This is an assumption on the kinetic energies of the two mechanical 
systems. 
Let us denote the Riemannian connections of g, e2Dg by V and V, and 
that of g’, e2p’g’ by V’ and V’, respectively. We do our arguments on a 
local chart, and get a global characterization. 
By the corollary, V and V’ are projectively equivalent 
0 0,Y - 0,‘Y = v(X)Y + v(Y)X. 
On a local chart, v = u$, where 
(*I 
VJ = -+ (P - P’) + * 
with # = 1/2(n + 1) log 1 g l/l g’ I. By Lemma 1.1 
v,Y - v,‘Y = d(p - p’)(X)Y d@ - p’)(Y)X - g(X, Y) grad p 
+ g’(X, Y) grad’ p’ + VxY - V,‘Y, (***I 
where grad’ p’ is the gradient of p’ taken with respect to g’. Combining 
Eqs. (*), (**), (***), we get 
h P(P - P’X-W + G- P’PWI - g(X, Y) grad P + g’(X, Y) grad’ P’ 
+ (V,Y - VX’Y - dJfb(X)Y + dl/b(Y)X) = 0. 
Noting that g and g’ are projectively equivalent, and introducing the 
symmetric tensor: 
@(X, Y) = + W - P’FW + 4~ - P’W)-T~ - g(X Y) grad P 
+ g’(X, Y) grad’ P’, 
we have the following theorem. 
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THEOREM 3.1. Suppose (N, g) and (iV, g’) are projectively equivalent. 
Then (N, e20g) and (N, e20’g’) are projectively equivalent o 0 = 0. 
Remark. Observe that the tensor 0 is globally defined. 
Let us now suppose that the kinetic energies of the system are the same, 
i.e., g = g’. Then 
0(X, Y) = & W - P')PW + d(p - P'>(Y) - d-T Y> grad(p - P'). 
Putting X = Y = grad(p - p’), we obtain 
0 = 0 0 d(p - p’) = 0. 
So if N is connected 
o=o 0 p - p’ = constant. 
Applying this to simple mechanical systems, with e20 = 2(/z - v) and 
$0’ = 2(/z’ - V’), we have 
0 = 0 0 h - v = C(h’ - V’) where C = constant. 
THEOREM 3.2. Two simpZe mechanicalsystems (M, K, V) and (M, K, V’) 
are equivalent relative to (h, h’) o h - V = C(h’ - V’) where C = 
constant, assuming that Mh is connected. 
3.2. Basic Formulae 
The Jacobi metric gh = 2(h - V) is a conformal change of the 
Riemannian metric g. We review the basic formulae relating the quan- 
tities arising from g to that arising from a conformally related metric eaog. 
See [14] for a general reference. 
Let g and g* = e20g be two conformally related metrics on M. Here 
p: M -+ R is a smooth function. The symbols with asterisk (*) will always 
refer to the quantities of g* while those of g without. For example, V* 
is the Riemannian connection of g* and V the Riemannian connection 
of g. 
The two connections V* and V are related as follows: 
(Cl) Vx*Y = VIY + AxY 
where 
A,Y = dp(X)Y + dp(Y)X - g(X, Y) grad p. 
Locally, I’$ = I’$ + Aik , where A$ = piGki + pksji + g&. 
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The curvature tensor R of (M, g) is given by 
Rx*2 = v,v,z - vyv,z - V[,,,]Z. 
Denote its components by R& in local coordinates. By direct computa- 
tion, 
Rj*,i, = R&, + Sjikl (9 
where 
$.w = -pd: + PjAi - gjkpli + gjlpk’ - (dp, dp)(gd,i - gj&,i). 
Here Sji is the Kronecker delta, gjk the components of the Riemannian 
metric g, and 
PGC = fj;k - f#k 9 
where 
a 
=axjp and Pi:k = &,a& dd & ’ 
That is, 
Also pt = gisp,, , gg8 is the inverse of gsj . 
It is convenient to introduce the following tensor: 
and 
Then 
cj, = -(n - 2bJk + Wp, 4) &kl 
C,t = -(n - 2)bf + $(dp, dp) S,“] = gisCsl . 
This symmetric tensor C’,, turns out to be very useful. For the time 
being we call it the fundumentaZ two-tensor of (M, eang). Its invariant 
expression is given by the following: 
W) C(X, Y) = - (n - 2)Pess p(X Y) - 4(X) W’) 
+ !&h dp>(X, Y)l, 
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where 
Hess p(X, Y) ds (V, dp)Y = <V, grad p, Y). 
Via the Riemannian metric g, we may think of the fundamental 2-tensor 
C as a self-adjoint linear operator C on each fiber. That is, (CX, Y) = 
C(X, Y) for all vector fields X, Y. The invariant expression of (i) then 
follows: 
(C3) R&Z = RxyZ + & MY, z>x - q-J& Z>Y 
+ g(Y, Z) cf - g(-Jc Z) CYI. 
From this formula it is clear that the study of the curvature tensor 
R$,Z is reduced to the analysis of the fundamental 2-tensor C. 
To obtain the Ricci tensor, we contract (i) with respect to (i, I): 
where 
Rj* = Rj, -?- Sj, , 
where 
Sjk = -(n - 2) fik - [(n - 2KdP9 dp) + ApI gjk P 
Ap = Laplacian of p = tr Hess p = pii . 
Or invariantly: 
(C4) 
R*(X, Y) = Ric(X, Y) - (n - 2)[Hess p(X, Y) - dp(X) dp(Y)] 
- [(n - Wp, 4) + API<& 0. 
On further contraction, we obtain the scalar curvature: 
(C5) e2PR* = R -/- S , 
where 
’ = -2(n - 1) [AP + 9 (dp, dp>]. 
We now replace e 2~ = 2(h - v), and obtain the basic formulae in 
terms of the potential function v. 
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Computations of the Basic Formulae in Terms of Potentkl V 
From e2p = 2(h - V), we get 
e2p dp = -dV, 
Hess p(X, Y) = (V, dp)Y 
(9 
= - -$- dV(X) dV(Y) - -& Hess V(X, Y). (ii) 
As the expression (dV, dV) occurs often, let us call it the norm of the 
potential V and denote it by 
Ny2 = (dV, dV). 
So from (CZ), we have 
VW C(X, Y) = G [2(h - V) Hess V(X, Y) 
+ 3 dV(X) IV(Y) - y (X, Y)]. 
Or in local coordinates, 
cj, = + [2(h - V) V,;, + 3VjVk - Wv2g,d. 
In the context of a simple mechanical system (M, I(, v), let us call 
this symmetric Z-tensor the (h-) mechanical two-tensor of (M, K, V). 
Now for the Laplacian Ap, we have 
Ap = tr Hess p = tr 
( 
---&dV@dV--&Hess V) 
=-- ;‘, Nr2 --&AV. (iii) 
Putting (iii) in (CX), we obtain mechanical Ricci curvature 
(D4) Ric*(X, Y) = Ric(X, Y) 
+ $ [W - vm - 2) Hess V(X, Y) + A V<X, Y)} 
+ 3(n ,- 2) dV(X) dV(Y) - (n - 4) Nv2<X, Y)] 
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And in local coordinates, 
R,* = Rj, + & [2(h - v>{(n - 2) vj;k + d VI&l 
+ 3(fZ - 2) VjVk - (TZ - 4) NY'gjfi]. 
Finally, the mechanical scalar curvature R*: 
(D5) t+‘R* = R + ‘“2 ‘) [2(h - V)dF’- (n - 6)Nv2]. 
For the mechanical sectional curvature K*, let n = plane spanned by 
{X Y>, then by (C3), 
(“6) 
where 
(QxrX Y> = &- [2CW, Y)W, y> - C(X X) II YII” - w, Y) II -Tl”l 
3.3. Some Theorems on Mechanical Curvatures 
The following results are valid for a general simple mechanical system 
(M, K v). They g ive us the signs of the mechanical curvatures in a 
neighborhood of the nonempty boundary of an h-mechanical manifold 
M, of the simple mechanical system. 
Denote the h-mechanical scalar, Ricci and sectional curvatures by R*, 
Ric* and K*, respectively. Also let the dimension of the manifold M 
be n. Assume aM, is nonempty . 
THEOREM A,. As x + aM, , the boundary of M, , then 
(i) R*(x)+coz.n<6, 
(ii) R*(x) --t -co if n > 6, 
(iii) R*(x) -+ sgn(d V)co ;f n = 6 and A V # Cl in a neighborhood 
of aMh. 
Proof. Let D = 2(h - V) d V - (n - 6)N,2. At the boundary aM, , 
Q = -(n - 6) Ny2. So 
52>0 if n<6, 
Q<O if n > 6, 
!2=0 if n=6. 
The theorem then follows from formula (D.5) by continuity. 
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THEOREM A,. Suppose the potential function V is harmonic, i.e., 
dV=O. Then 
(i) R>O=+R*>Oforn<6, 
(ii) R<O*R*<Oforn>6, 
(iii) R = 0 =+ R* = 0 for n = 6. 
Proof. Follows immediately from (D5). 
THEOREM A,. As x ---t SW,, 
(i) For n < 3 Ric*(x)(t, 0 --t 00 for all [ # 0. 
(ii) For n = 4 Ric*(x)(e, <) + co for all [ not 
grad V, i.e., dV(‘(5) # 0, 
orthogonal to 
complete cone (iii) For n > 4, Ric*(f, 8) 2 oc, ;f 6 is within the 
dejned by the angle 01 = cos-l l/2/3 from grad V as the direction of axis. 
And Ric*([, 0 + - 00 if e is outside the complete cone deJned by the 
angle /3 = co+ + from grad V. See Fig. 4. 
FIGURE 4 
Proof. Formula (D4) gives (i) and (ii) easily. To see (iii), let c be any 
unit vector and 0 be the angle between grad V and f. Then 
cos e = (4, grad V> 
II grad VII * 
Let Q = 2(h - V)((n - 2) Hess V(& t) + AVj + 3(n - 2) dV(S)z - 
(n - 4) N,a. On the boundary aM, , 
sa = 3(n - 2) NV2 cos2 e - (n - 4) Ny2. 
292 ONG CHONG PIN 
SO 
D > 0 0 COG 8 > (n - 4)/3(n -2), 
Q < 0 0 COG e < (n - 4)/3(n - 2). 
But 
Hence 
and 
$ > (n - 4)/3(n - 2) > + for all 71 3 5. 
COG e 3 g =s 52 > 0, 
co9 e < 6 $ Q < 0. 
Therefore in a neighborhood of the boundary aM, , 
Ric*([, I) -+ co as x--t a&T,, if cos2 0 > f, 
and 
Ric*([, 0 -+ -co as x+aivh, if c0s2 e < 6. 
Remark. If the sign of (2 Hess V([, 6) + d V) is negative say, then 
for a point near the boundary, Ric*(f, [) drops sharply from a large 
positive value to a large negative value as 
[ -+ grad VL. 
Finally, on mechanical sectional curvature K*(n) we have the following 
theorem. 
THEOREM A,. As x + aM, , 
(i) K*(T) -+ CO if rr contains a vector .$ interior to the complete 
cone defined by the angle co+ l/2/3 from the grad V as axis. 
(ii) Suppose T contains a vector orthogonal to grad V, then 
K*(T) -+ -CO if the plane rr is strictly outside the same complete cone as 
in (i). And K*(r) + sgn(Hess V([, 4) + Hess V(r), T))CO if the plane r 
touches the cone. 
Remark. In particular, as x + aM, , 
K*(Tr) + co if r contains grad V, 
K*(T) + --co if rr is orthogonal to grad V. 
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Proof Let ?r be spanned by ([, 7) orthonormal vectors relative to 
( , ). Let a be the angle between e and grad V, and /3 the angle between r) 
and grad V. 
By (D2) and (D6), we get 
K*W = -& [W) + -& CW - JWess V(5, E) 
Let 
l.2 = 2(h - V)(Hess V(l, 4) + Hess V((~I, 7) + 3(dV([)z + dV(q)2) - Ny2. 
On the boundary aA&, 
so 
52 = [3(cos2 a + cos2 8) - l] Ny2. 
8 > 3(cos2 a - 1) iVr2. 
Hence cos2 a > 6 5 A2 > 0. This proves Part (i). 
For Part (ii) suppose E 1 grad V. Then D = (3 cos2 p - 1) N2. So 
cos2 /3 < * * Q < 0. Thus K*(V) --f -co as x + aM, . Finally, if 
toss fi = *then by the above formula 
K*(n) -+ sgn(Hess V(S, I) + Hess V(q, d). 
3.4. Curvature Functions of a Simple Mechanical System 
On an h-mechanical manifold Mh of a simple mechanical system 
(IV, K, v), we define global curvature functions which relate directly to 
the sign of the mechanical sectional curvature. For a system of dimension 
n, i.e., dim M = tt, there are m = (g) such curvature functions. 
Since the fundamental mechanical tensor C is symmetric, at each point 
XEMh, 
C(x): TJW,, x TJ&, + IR 
may be identified with a self-adjoint linear operator 
c’(x): T&G + T&G,, 
that is, 
<q+J, w> = CMA 4 forall v,w~T&&. 
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On a coordinate chart U of M, let C, be the local representation of C, 
i.e., for each x E U. 
&&): E ---f E 
is a self-adjoint linear operator on E the model vector space of the mani- 
fold M. 
On another coordinate chart, we have 
c,: V -+ V x L(E, E). 
Under coordinate transformation, p: U n V -+ U n V, by the tensorial 
property of the mechanical tensor C, we have for each x E U n V, the 
following commuting diagram: 
that is, 
ux -+E 
Do(%,i e0 L DP(X) 
E-E 
C”(X) 
w$ G(x) QJ(V = G(x). (*I 
Let q be any polynomial in ‘W(n, I?) = Lie algebra of n x n matrices 
with entries in R. We say that q~ is an invariant polynomial if y is invariant 
under the action of GZ(n, R) which is the Lie group of n x n matrices 
with nonzero determinant; that is, for each X E ‘W(n, R), 
q(X) = p(AXA-1) for all A E Gl(n, R). 
Using Eq. (*) we obtain immediately the following proposition. 
PROPOSITION 3.2. For any invariant polynomial q+ y(c(x)) is dejined 
independent of coordinate representation, so is defined on the whole mechan- 
ical manifold Mh . 
EXAMPLES. Consider the characteristic polynomial of any matrix X. 
det(z - X) = zn - pl(X) ~“-1 + p2(X) ,z?-~ + s.0 + (-l)“p,(X). 
pi(X), i = I,..., n are invariant polynomials. This follows immediately 
by noting that 
det A@ - X) A-l = det(z - X) for al1 A E GZ(n, R). 
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Let us call these polynomials p,(x), i = I,..., n elementary inwuriunt 
polynomials. Note that p&X) = tr X and p,(X) = det X. 
Using Proposition 3.2, we define the ezementary (h-) curwaturefunctions 
of a simple mechanical system to be P$: M,, ---t R, i = l,..., n given by 
PM = pXc(x)), where PJ are the n elementary invariant polynomials 
and C the h-mechanical 2-tensor of the simple mechanical system. 
Consider now a self-adjoint linear operator A: E + E. Let h, ,..., An 
be its eigenvalues. Let p,(X, ,..., &J be the n elementary symmetric 
polynomials, i.e., for each i = l,..., n, 
Note. Symmetric polynomials mean that they are invariant under any 
permutation of {A1 ,..., &}. 
Linear Algebra gives us the following proposition. 
PROPOSITION 3.3. For A a self-adjoint linear operator on E, the 
elementary invariant polynomials and the elementary symmetric polynomials 
are the same, i.e., 
PiW = P& ,***9 u for i = I,..., n, 
where X, ,..., A, are the ezgenvalues of A. 
Next consider the polynomial Q(x) given by 
Q(s) = n (2 - (h + 4)) 
i<j 
= .P - q,(h, )..., A,) SP-l + a-* + (-l)m qm(X, )..., X,) 
where m = (z). 
PROPOSITION 3.4. For i= l,..., m q&,...,h,) are symmetricpolynomials 
in (h, ,..., A,). Hence 
4i(h ,*-*, ha) E ~[P&%.., P&y. 
Proof. Clearly Q(z) = ncG (z - (hi + X,)) is invariant under any 
permutation of & ,..., X,}. 
DEFINITION. For a self-adjoint linear operator /J with eigenvalues 
A r ,..., X, , the polynomials q& ,..., X,) i = l,..., m are called curoature 
symmetric polynomials of A. 
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Since&(h) = p,(A) for i = l,..., n are invariant polynomials (Prop. 3.3) 
and q,(h) E R&,(X),..., p,(A)] by Proposition 3.4, we may write q,(h) = 
qs(A) and observe that qj(A) j = l,..., m are invariant polynomials. 
Represented in this context, for any self-adjoint operator A, we call q,(A) 
j = I,..., m curvature invariant polynomials of A. 
Apply this now to the h-mechanical 2-tensor C of a simple mechanical 
system. Note that z’(x) is a self-adjoint linear operator on T,M, . 
DEFINITION. The (h-) curvature functions of a simple mechanical 
system are Qj: Mh + R, j = l,..., m, defined by 
Q&4 = qj(&4) j = L..., m, 
where qj( e(x)) are the curvature invariant polynomials of z’(x). 
The above discussion implies the following: 
PROPOSITION 3.5. For each x E Mh, the curvature functions QXx) are 
generated by the elementary curvature functions Pi(x), i.e., 
Qj(x) eRIPl(x) ,..., PJx)] j = I,..., m. 
We can now state Theorem B. Let K*(n) be the mechanical sectional 
curvature and K(n) the sectional curvature of the ambient Riemannian 
manifold. 
THEOREM B. 
(i) If K(x)rr > 0 and the curvature functions Qi(x) > 0 for 
i = l,..., m then K*(x)v > 0. 
(ii) If K(x)r < 0 and 
then K*(x)r < 0. 
Q&4 6 0 for iocld 
Q&) > 0 for i even 
(iii) If K(x)r = 0, then 
K*(x)n > 0 o Qi(x) >, 0 for i = l,..., m 
K*(x)m < 0 o Q&x) 9 0 for i odd, 
I Q&4 2 0 for i even. 
The proof of Theorem B will follow from the following two lemmas. 
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LEMMA 3.1. Let A be a self-adjoiint linear operator on a real inner- 
product space E of dimension n. Let h, ,..., An be the eigenvalues corre- 
sponding to orthonormal eigenvectors e, ,..., e, respectively. Then 
<A.% 4 + (45 r> z 0 (a) for all pairs of orthonormal vectors 
x, Y E E 
0 A$ + Aj > 0 (GO) forall i#j, ;,j = l,..., 72. 
Proof. (=x) Take x = e, , y = ei . Then (Ax, x) + (Ay, y) = 
hi + Ai > 0. (-c) Let A, = min(h, ,..., A,). Then Af > 0 and ] Ai 1 < A, 
for j > 2 since A, + Aj >, 0 for j > 2. Let x, y be any two orthonormal 
vectors. Write x = xiei + a, y = yle, + /?, where e, is the eigenvector 
of Al, and a, /3 E eil. <~,y>=o=~,Yl+~%P>. Ifx1=y,=O, 
then clearly 
(Ax, x> + MY, Y> = <Aa, a> + <At% 8) 2 0. 
Suppose y1 # 0, then x1 = -(a, fl)/yi . Since 11 x II2 = 11 y II2 = 1, 
xl2 + (( a (I2 = 1 and yi2 + (I ,8 /I2 = 1. 
Xl 
2 - (a* p2 < 11 alI2 11 PII2 j .$ay12 < 11 a(12 11 /g 112 
Yl Y12 
* x12y12 = (1 - a2)(1 - p2) = 1 - (a2 + /I”) + a2fi2 < a2/12 
* 1 < a2 + p2 
(*I 
Hence 
<Ax, x> + CAY, Y> = <Aa, a> + (4% B> + hx12 + 4~1~ 
>, Ala2 + A#” + h(x12 + 35’) 
where h = min,+&) and h > 0. If A, > 0 then clearly (Ax, x) + 
(Ay, y) > 0. So suppose A, < 0. Write A, = --CL. Then 
<Ax, x> + <AY, Y> b Xa* + PI - &12 + ~1’) 2 h - CL by (*I. 
> 0. 
LEMMA 3.2. Let q*(A) be the .cwvature invariant polynomials of A. 
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Then (Ax, x> + MY, Y> >, 0 f or every pair of orthonormal vectors 
x,y~Eoq,(A) >Ofori= l,..., m.And 
<Ax, x> + CAY, Y> < 0 * q&q d 0 for i odd, 
%(A) 2 0 for i even. 
Proof. Ai + Ai are the roots of the polynomial 
Q(x) = n (x - (Xi + Aj)) = xm - t&4) x-l + --- + (- 1)” qm(A). 
(4 
Claim 1. The roots of Q(x) are nonnegative 
-3 !7,(4 2 0 for i = l,..., m. 
Claim 2. The roots of Q(x) are nonpositive 
+ q&q 9 0 for i odd, 
!?iw 2 0 for i even, i = l,..., m. 
These two claims, together with the Lemma 3.1 give us Lemma 3.2. 
Proof of Claim 1. Let rl ,..., r, be the roots of Q(x). Then 
q&4) = 1 rirj ,..., pm(A) = rl ,..-j r, , 
i-3 
the elementary symmetric polynomials in rl ,..., rm . Thus ri > 0 for 
i = l,..., m G- p,(A) 3 0 for all i. Conversely, suppose pi(A) > 0 for 
i = l,..., m and there is a negative root ---I* (p > 0), then 
Q(Y) = (-PP - &~(--cL)~-~ + --- + (-1)” q&4) = 0. 
If m is even, then 
Q(y) = pm + q,(A) ,d'- + -1. + P,@) > 0. 
If m is odd, then 
Q(+ = --pm - q,(A) pm-l - --* - q&4) < 0. 
In either case, contradicting that -p is a root. 
Proof of Claim 2. If ri < 0, then q+(A) < 0 for i odd and p,(A) > 0 
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for i even. Conversely, no positive value can be a root of Q(X), by the 
same arguments as in Claim 1. 
Proof of Theorem B. Let m be any two-plane spanned by orthonormal 
vectors [, q relative to ( , ). By (D6), th e mechanical sectional curvature is 
fG*w = & [K(n) + & K@)L 0 + <Q$% ‘I))]. 
The curvature functions Q$(x) are just the curvature invariant polynomials 
of C(X). Thus the theorem follows from the two lemmas. 
Remark. The first curvature invariant polynomial 
qI(C) = (n - 1) tr C. 
BY w 
Therefore 
tr C = -(n - 2) [Ap + q (dp, dp)] 
= 2;1211 [e20R* - A] by (C5). 
B(C) = + [e2pR* - R]. 
3.5. Mechanical Curvature at Critical Points of V 
We now examine mechanical curvature at the critical points of the 
potential energy function V. Note that at a critical point p, the “force” 
-grad V(p) = 0, and in a neighborhood of p, the behavior of the “force” 
depends on the Hess V(p). We show for example that if p is a local 
minimum, then the mechanical sectional curvature K*(n) > 0 in a 
neighborhood of p, and K*(T) < 0 if p is a local maximum. 
We observe that this result is a local phenomenon. Contrary to expecta- 
tion that in the case of a “potential well” mechanical curvature is positive 
throughout, Theorem A’s imply otherwise. In a neighborhood of the 
boundary aM, , curvature can be negatively large. So we can only be sure 
that the curvature is positive in a neighborhood of the minimum point of 
the “potential well.” 
At a critical point p of V, i.e., dV(p) = 0, the mechanical 2-tensor by 
(D2) is 
fl - 2 WM, 7) = 2(h _ V) Hess V(P)(& 4. (*I 
607115/3-3 
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Write H(p) = Hess Y(p). Let A(p) be the self-adjoint linear operator 
corresponding to the bilinear form H(p) via the Riemannian metric ( , ). 
Let q@) be the curvature invariant polynomials of R(p), i = l,..., m. 
Then as in the proof of Theorem B by Lemmas 3.1 and 3.2 we have the 
following theorem. 
THEOREM 3.3. (i) If K(p)r >, 0 and p&?(p)) > 0, i = 1 ,..., m 
then there is a neighborhood of the critical point p on which the mechanical 
sectional curvature K*(r) is positive. 
(ii) If K(p) < 0 and 
q@(p)) > 0 for i odd, 
qi(A(p)) < 0 for i even, 
then K*(T) is negative on a neighborhood of p. 
Proof. By (D6) and (*) 
So the Theorem follows from Lemmas 3.1 and 3.2. 
COROLLARY 1. If index(p) = 0, i.e., p is a local minimum of V and 
K(p) > 0 then K*(r) is positive in a neighborhood of p. 
’ Proof. Local minimum p o p(p) is positive definition 
* 4i(QP)) > 0 for i = l,..., m. 
COROLLARY 2. If index(p) = n, i.e., p is a local maximum of V and 
K(p) < 0 then K*( YT ) is negative in a neighborhood of p. 
Proof. H(p) is negative-definite for p local maximum. 
COROLLARY 3. If index( p) > 2 and K(p) = 0 then in a neighborhood 
of p, K*(T) < 0 for some plane TT. 
Proof. Index(p) > 2 means that A(p) is negative-definite on a 
subspace of dimension > 2. Then K*(p)r < 0 for any two plane in this 
subspace. 
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3.6. Mechanical Sectional Curvature as a Morse Function 
Let us now assume that the configuration space of a simple mechanical 
system (M,g, v) has a “flat” metric, so that the curvatures of the 
manifold (M, g) are all zero. This is of course an assumption on the 
kinetic energy of the system. 
Let G,,,(M,) be the Grassmanian bundle of two-planes. For each 
XE%, consider the curvature as a function on the Grassmanian, 
K*(x): G,,2 --f R. 
We have the following theorems. 
THEOREM 3.4. The two-plane r E Gn,2 is a critical point of K*(x) 13 
c(x)m C r, where C(x) is the mechanical 2-tensor. 
COROLLARY. K*(x) has at least (t) critical points in G,,, , 
Proof. Since C(x) is self-adjoint it has tt eigenvectors. Each pair of 
eigenvectors gives a critical point. 
THEOREM 3.5. K*(x): G,,, --+ R is a Morse function o f?(x) has 
distinct eigenvalues. 
These theorems follow immediately from [4]. There Kulkarni 
considers a curvature tensor R defined in terms of a given self-adjoint 
linear operator A on a real inner-product space E. 
R:ExExExE+R 
defined by 
R(X Y, 2, W) = W’, .WX, W + (AX WY, z> - (AX, .GQ’, W> 
- CAY, W><X, 0 
This defines the corresponding sectional curvature function 
Kg G,,z --t IF4 
bY 
K&) = _ w9 y, x9 v 
II x A y II2 where w = {X, Y}. 
Note that 
R(X, Y, X, Y) = WY, -JO<-% Y> - <AX, X> II Y I? - <AY, Y> II XII’ 
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which corresponds to our mechanical curvature tensor R*, by formula 
P). 
The differential and the Hessian of KR are computed directly in [4], 
giving the theorems. 
4. CURVATURE AND THE THREE BODY PROBLEM 
4.0. Introduction 
The setting of the three body problem is given as an example in 
Section 1. We can reduce the configuration space further by assuming 
that the centre of mass of the system is fixed. This can be done because the 
system is translation-invariant. See [9]. So we work on the configuration 
space M given by M = ((x 1, x2 , x3) E E3 x E3 x E3: C;=, mixi = 0} - d 
where d = {(xi , xg , x3): xi = xi for some i # j) is the collision space. 
It is convenient to introduce the coordinates: 
mlxl + wz u x = x, - x, and y=x,- 
ml i-3 
=-x3, 
P 
where a = m, + m2 + m3, and p = m, + m2 . With respect to these 
coordinates, the Newtonian potential function V is given by 
m1m3 m2m3 -- WY) = - ;;;; /I-+Yll - Ilb-Yll ’ 
where (Y = m,/p and /I = ml/p. The Riemannian metric isg = g, dx2 + 
g, dy2, where g, = m,m,lp and g, = m,,u/u. The kinetic energy is 
Note that with these global coordinates, the Christoffel symbols are all 
zero, so are all the curvature values of the Riemannian manifold (M, g). 
The first thing to check is to make sure that our standing assumption 
that the energy value h is a regular value of the potential function, is valid. 
In Section 4.2 we show that this is indeed the case except for masses 
(ml y m2 , m3) in an algebraic surface of R+ x Rf x R+. 
In Section 4.1 we collect the computations which are required. 
As a consequence, we show that the mechanical scalar curvature of the 
three body problem in E3, is identically zero. 
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In Section 4.3, we look at the mechanical scalar at a Lagrange relative 
equilibrium position. 
Section 4.4 examines the mechanical scalar curvature at a single 
collision. 
In Section 4.5, for the record, we list out the curvature functions for 
the planar three body problem. 
4.1. Computations 
We continue to use the global coordinates in all the calculations. Let 
(x, y) = (xl, x2, x3, yl, ~9, y3). Write dV = V, dx + V, dy, with the 
obvious meaning. Then 
The norm of V, NV2 = (dV, dV) is 
N a = wWh + *A + vdm, + 4 + w&h + %I + 2wvw 
V 
II x II4 II f.Yx + Y II4 II Bx - Y II4 II x IIS 
-[ 
-+y Bx - Y 1 2wwh~ + Y . &-Y II Lxx + Y II3 + IIBX-YIP - II~+Yl13 II bx - Y IIS . 
Since the components of the Hess V is 
relative to this global chart, the components of the Hess I’ are just the 
second partial derivatives of Y. So the Laplacian of V is 
Calculating this for the Newtonian potential we have the following. 
PROPOSITION 4.1. For the three-body problem with the Newtonian 
potential in Es, A V = 0. 
THEOREM 4.1. For the three-body problem in E3 the $rst curvature 
function and the mechanical scalar curvature are both identically zero. 
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Proof. For the reduced configuration space, dim M = 6. Using 
Proposition 4.1 and formula (D5) we get immediately 
R* = 0. 
The first curvature function Q1(x) = 0 follows now from the remark at 
the conclusion of the proof of Theorem B. 
PROPOSITION 4.2. For the planar three-body case we have 
ml + ma 
dv = - lIxlj3 - ,,a$ - 
m2 i- m3 
IlBx-Y/13 - 
4.2. Singular Masses 
For the Newtonian potential function V, we ask if a given energy 
value h is a regular value of V. For h nonnegative it is always a regular 
value of the Newtonian potential in the trivial sense. So we need to 
consider only negative energy value. 
THEOREM 4.2. Except for masses (m, , m2 , m3) E Iw+ x [w+ x [w+ in 
the algebraic surface in II%+ x [w+ x IW+ dejned by 
(y + p,” = 1 
any energy value h is a regular value of the Newtonian potential function. 
Remark 1. We may say that “for almost all” masses (m, , m2 , m3) 
in R+ x Rf x If%+, any energy value h is a regular value of V. “Almost all” 
here can be taken to mean in the “generic” sense or in the probabilistic 
sense, i.e., except for masses on a set of measure zero. 
We call these masses on the surface singular masses. 
Remark 2. If we stay away from the singular masses, the general 
Theorems AI-A4 apply. 
Proof of Theorem 3.2. The value h fails to be a regular value of V 
when dV(x, y) = 0 for some (x, y) E V--l(h). Now dV = 0 o V, = 0 
and V, = 0. From the computations of Section 4.1, 
G) 
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Taking norms on both sides, 
ll~r;lYllZ = 
m2 
II Bx - Y IIS * 
Putting (ii) in (i), 
v, =oe-/9x-y = (Jf$2(ax+y). 
Similarly, 
v, =o+c!fz+y = (gl’zx. 
The compatibility condition is worked out as follows: 
From (iv) 
From (iii) and (v) 
y = ((%)l’, - a) x. 
y = (p - (g2) x. 
Hence the compatibility condition is 
( ) 
112 m, _ 
m2 a=jl- 
m, 112 
( ) x ’ 
i.e., 
(ii) 
(iii) 
(3 
(-4 
(4 
Finally, Eq. (vii) defines a submanifold of R+ x IL!+ x Rf of co- 
dimension 1. This is easily checked by working out the differential of the 
function 
ml 9 m2, mJ = (2)1" + (2)"'. 
4.3. Curvature at the Lagrange Relative Equilibrium Position 
There are still interesting open questions on relative equilibrium in 
the n-body problem. See [13]. For our purpose, we only describe the 
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Lagrange relative equilibrium position for the three-body case, and 
investigate the mechanical curvature at this configuration. 
For the Lagrange relative equilibrium, the masses m, , ms , ma are 
situated at the vertices of an equilateral triangle of length L, say. The 
motion takes place in the plane of this triangle. If this configuration is 
rotating at a constant angular velocity 
(iJ= .2- 
( 1 
112 
L3 
about the centre of mass, the motion gives a periodic solution of the 
three-body problem. 
Note. The gravitational constant is taken to be one here. 
ml “2 
FIGURE 5 
With Fig. 5, 
x.(~~+y)=(x,--x,).(x3--x,)=~L2, 
x - (/3x - y) = (x, - x1) * (x2 - x3) = iL2, 
(m + y) * (/% - y) = -(x3 - x1) * (x3 - x2) = -&L2. 
So the norm of the potential, NV by Section 4.1 is 
IV+g. 
And by Proposition 3.2, the Laplacian of V is 
AV=+. 
Also the potential 
(ii) 
(iii) 
(iv) v = -r/L. 
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Putting (i), (ii), (iii), (iv) into (D5), th e mechanical scalar curvature at 
this configuration is 
R* = (6/e9[(h + T/L)(-2a/Ls) + w/L41 
= -(6/&‘)(2h + T/L)u/L~. 
It can be shown that at this relative equilibrium position, 
2h + r/L = 0. 
(4 
so that we have the following theorem. 
THEOREM 4.3. At the Lagrange relative equilibrium position of the 
three-body problem, the mechanical scalar curvature R* = 0. 
For details and further results in this direction see [17]. 
4.4. Single Collision 
We now examine the mechanical scalar curvature as the configuration 
of the masses tends toward a single collision. Let us suppose that the 
single collision occurs between masses m, and m2 . Using the same 
coordinates as before, this means that I( x (1 + 0. The dominant terms 
are therefore those of l/II x 11. 
From formula (D5), and using Proposition 4.2 and the computation 
of norm of V, iVy2, in Section 4.1, we get 
6 
=-@- [ )I , 
where 
Hence the sign of R* depends on the expression 
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At collision the distances between masses ma and m, and ma and m2 are 
equal. So 
ll~xfyll =llPx-rll =L say. 
Then Q = h + m,p/L. Thus we have the following. 
THEOREM 4.4. For the planar three-body problem, at a single collision 
between masses m, and m2 say, then the mechanical scalar curvature 
R*>O(<O)oh+ m&h + 4 L < 0 (>O), 
where L = Euclidean distance between m3 and m, or m2 . 
Remark 1. “At a collision” here can be taken to mean configurations 
in a neighborhood of the single collision. 
Remark 2. For “high” energy value, i.e., h > 0, the mechanical 
scalar curvature R* < 0. 
Remark 3. If h < 0, then for the distance between the masses 
sufficiently large, the mechanical scalar curvature R* > 0. In fact, 
R* > 0 -=-L > (ms(ml + md)/I h I. 
4.5. Curvature Functions of the Planar Three-Body Problem 
In this section we write down the six curvature functions and leave 
them for future reference. 
Using the same notations, let us write the mechanical 2-tensor for 
the planar three-body case in terms of a matrix relative to the global chart 
as follows: 
where 
I 
1 .Y= 1 <i<2, 
2 3<i,<4. 
Here Vii = 2(h - V) Vi,i - ViVj where Vz,i are just the second partial 
derivatives. We may labouriously compute the elementary invariant 
polynomials of this symmetric matrix C 
PI(C)> A(C)> l%(C), A(C)9 
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So we get the elementary curvature functions Pi(x), i - l,..., 4, in terms 
of expressions in V and its derivatives. 
Recall from Section 3.4 that the curvature symmetric polynomials of C 
are just the coefficients of the polynomial 
QW = 13 (x - Ai + 4) = n (x - PJ, 
8 
where X, , i = 1,2, 3,4 are the eigenvalues of C at a given position, and 
To obtain the curvature functions Q3(x) in terms of the elementary 
curvature functions by the discussion in Section 3.4 we want to express 
the curvature symmetric polynomials q,(A) in terms of the elementary 
symmetric polynomials p&I). 
First we compute q5 as functions of X, , 
+ 15 c wvdh, , 
iZj<k<l 
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So the first curvature function 
For the second curvature function, we let q,(h) = ApI + Bp2 and 
compare coefficients to get q2(C) = 3p12 + 2p, . Similarly with the help 
of the symmetry of the system we get 
43(C) = PI3 + 4PlP, 9 
a(C) = 2A2P2 + PlP3 + P22 - 4P, 9 
%(C) = PIP3 + PIP,2 - 4PlP, 9 
qS(') = -pl% +PlP,P, - P32. 
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